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In blackhole physics, the second law of thermodynamics is generaUy vaUd whether the blackhole is 
a static or a non-static one. Considering the universe as a thermodynamical system the second law 
of blackhole dynamics extends to the non-negativity of the sum of the entropy of the matter and the 
horizon , known as generalized second law of thermodynamics(GSLT). Here, we have assumed the 
universe to be bounded by the event-horizon or filled with perfect fluid and holographic dark energy 
in two cases. Thus considering entropy to be an arbitrary function of the area of the event-horizon, 
we have tried to find the conditions and the restrictions over the scalar field and equation of state for 
the validity of the GSLT and both in quintessence-era and in phantom-era in scalar tensor theory. 

I. INTRODUCTION 
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^^1 , In black hole physics, semi-classical description shows that just like a black body , black hole emits thermal 

radiation (known as Hawking radiation) and it completes the missing link between a black hole and a 

thermodynamical system. The temperature (known as the Hawking temperature) and the entropy (known 

~ I as Bekenstein entropy) are proportional to the surface gravity at the horizon and area of the horizon [1,2] 

I respectively (i.e. related to the geometry of the horizon). Also this temperature , entropy and mass of the 

H_ black hole satisfy the first law of thermodynamics [3]. As a result , physicists start speculating about the 

__j' relationship between the black hole thermodynamics and Einstein's field equations (describing the geometry of 

space time). It is Jacobson [4] who first derived Einstein field equations from the first law of thermodynamics: 

"""^ ' 5Q = TdS for all local Rindler causal horizons with 5Q and T as the energy flux and Unruh temperature seen 

1^ , by an accelerated observer just inside the horizon. Then Padmanabhan [5] was able to formulate the first law 

of thermodynamics on the horizon, starting from Einstein equations for a general static spherically symmetric 

^vj ! space time. 

Subsequently, this identity between Einstein equations and thermodynamical laws has been applied in the 
cosmological context considering universe as a thermodynamical system bounded by the apparent horizon (Ra)- 



^^ : Using the Hawking temperature Ta — „ n and Bekenstein entropy Sa — -tt^ at the apparent horizon, the first 
law of thermodynamics (on the apparent horizon) is shown to be equivalent to Friedmann equations [6] and the 
generalized second law of thermodynamics (GSLT) is obeyed at the horizon. Also in higher dimensional space 
time the relation was established [6,7] for gravity with Gauss-Bonnet term and for the Lovelock gravity theory [8] . 



5h ' 

j^ ' But difficulty arises if we consider universe to be bounded by event horizon. First of all, in the usual 

standard big bang model cosmological event horizon does not exists. However the cosmological event horizon 
separates from that of the apparent horizon only for the accelerating phase of the universe (dominated by dark 
energy). Further, Wang et.al. [9] have shown that both first and second law of thermodynamics break down 
at the event horizon, considering the usual definition of temperature and entropy as in the apparent horizon. 
According to them the applicability of the first law of thermodynamics is restricted to nearby states of local 
thermodynamic equilibrium while event horizon reflects the global features of space time. Also due to existence 
of the cosmological event horizon, the universe should be non-static in nature and as a result the usual definition 
of the thermodynamical quantities on the event horizon may not be as simple as in the static space-time. They 
have considered the universe bounded by the apparent horizon as a Bekenstein system as Bekenstein 's entropy- 
mass bound: S < 2EttRa and entropy-area bound:/? < 4 are valid in this region. These Bekenstein bounds 
are universal in nature and all gravitationally stable special regions with weak self gravity satisfy Bekenstein 
bounds. Finally, they have argued that as event horizon is larger than the apparent horizon so the universe 
bounded by the event horizon is not a Bekenstein system. 
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Recently Mazumder et al [10, 11] have examined the vahdity of the GSLT on the event horizon assuming the 
validity of the first law of thermodynamics on it. Without assuming any specific choice of the entropy and 
temperature on the event horizon, they were able to show the validity of the GSLT both for Einstein gravity 
and for Gauss-Bonnet gravity. The restrictions on the matter in the universe are the following : 

(i) For fiat and open FRW universe the generalized second law of thermodynamics is valid if the weak energy 
condition p + p > is satisfied. 

(ii)For a closed model, the validity of the generalized second law of thermodynamics demands either the 
weak energy condition is satisfied and Ra < Rh = 'h' < ^e or the weak energy condition is violated and 
Ra < Re < Rh- 

In this paper , we examine the validity of GSLT in Scalar- Tensor theory when the universe is bounded by the 
event horizon is filled with perfect fiuid or holographic dark energy. The paper is organized as follows: Section 

II deals with the basic equations in Scalar- Tensor theory and its equivalence to Einstein gravity. The first 
law of thermodynamics, Clausius relation and the time variation of entropy functions are presented in section 

III . The generalized second law of thermodynamics has been examined for above two fiuids and correspond- 
ing restrictions are determined in section IV . The paper ends with a concluding remarks at the end in section V. 



II. SCALAR-TENSOR THEORY OF GRAVITY; 

In Scalar- Tensor theory of gravity, using Jordan frame the lagrangian is given by [12] 

L^jl^f{<f>)R-^g^f'd^cj,df,c^~V{<j>) + L^ (1) 

where f{4>) is a positive continuous otherwise arbitrary function of the scalar field (j) (having potential V{(j))), 
Lm is the lagrangian for matter fields in the universe and R is the Ricci curvature scalar of the space-time. For 
FRW model the metric is 






and we have 



1 — fcr^ 



R = &(d + a^) . 



r'^nl 



(2) 



Now varying the action corresponding to the Lagrangian (1) with respect to the dynamical variables g^^ and 
the equation of motions are 



8^G 



a„0 dpc^ ~ \9c.p{g''''d^cj)dA) - gcpV{,p) ~ g^pV\f + V^Vpf + T^^' 



m r^ "-- 2 



(3) 



and 



v^^ - y'(0) + Y^.n^)R = , (4) 

where T/i" is the energy-momentum tensor of the matter fields. 

If we assume T/;™ as the form of the energy-momentum tensor for a perfect fluid i.e. 

^a" ={p+P)UaUj3+p gap 

with f7^, the four velocity of the fiuid, p and p the energy density and the pressure of the fiuid then the 
non- vanishing components of the modified Einstein field equations (3) and the scalar field equations (4) are 



H^ + ^ = 



k SttG 



a2 3/ 



^+5*= + ^<«-||^'* 



(5) 



and 



H 



4ttG 



(p+p) + <^2 + ^-^(/'>2 + A 



Hf^ 



or cquivalently modified Friedmann equations can be written as 



SttG 





SttG 
3/ 




A-kG 
f 


where 





[P + PSt] = -JfPeff 



KP+P) + (PST+PSt)] = 7-{Peff+Peff) 



PST^\^^ + V{<j>)-^r^ 



(6) 



(7) 



(5a) 



(6a) 



(8) 



PST = \^^ - V{c^) + ^{f"<P^ + /V + ^Hf'q 



and 



Peff = P + PST , Peff =P + PST 

The energy conservation relations are 

p + 3H{p + p) = 
and 

PST + 'iH{psT + Pst) = 



(9) 

(10) 

(11) 
(12) 



Thus gravity in scalar-tensor theory is equivalent to Einstein gravity with non-interacting two fluid system 
given by the field equations (5a) and (6a). 



III. THERMODYNAMIC STUDY: 

Let us start with FRW model for which the metric (2) can be written as 

ds^ = habdx^dx'' + R^dnj (13) 

where i? = ar is the area radius and hab — diag I —1, j^^r^ ) with fc = 0, +1, —1 for flat, closed and open model. 



Now to apply the first law of thermodynamics we define the work density W and the energy supply vector 

V-a [13,14] as 

W^ = -VXh (14) 

and 

^a = T^dbR + WdaR. (15) 

Here Tat is the projection of the four dimensional energy-momentum tensor in the normal direction of the 
2-sphere. For universe bounded by the event horizon, W gives the work done due to a change of the event 
horizon while the total energy flow through the event horizon is represented by the ipa- For FRW model with 
perfect fluid as the matter content the expressions for W and ipa are given by 

W = l{p-p), iJa^[-^{p+p)HRE, l{p + p)a] (16) 

where Re is the radius of the event horizon. 

In thermodynamics , the clausius relation SQ — TdS gives the associated heat flow for a change in entropy. 
But heat flow to the system is equivalent to a change of the energy of the system. Hence the entropy of the 
event horizon is related to the energy supply term by the relation 

TEdSE = SQ = -dE = -AtP = A{p + p)HREdt (17) 

whereTg; , Se are temperature and entropy of the event horizon respectively and A =^ AttR^ is the area of 
the event horizon. 

For the present scalar-tensor theory (given by field equations (5a) and (6a)) the above relation (17) becomes 

dSE _ At:R%H 



dt JTe 



-iPeff+Peff) (18) 



To find the change of entropy Si of the matter bounded by the event horizon, we start with the Gibbs' 
equation [15] 

TedSi = dEi + pdV (19) 

where Ej is the energy of the matter distribution , V is the volume bounded by the event horizon and for 
the thermodynamical equilibrium, the temperature of the matter is taken as that of the event horizon i.e. Te- 
Now using 

V = -^ , Ei = -ttR% P (20) 

We have from the Gibbs' equation 



dSi 4:71 Rl, , \dRE 



— HRe 



(21) 



IV. GENERALIZED SECOND LAW OF THERMODYNAMICS: 

We shall now examine the validity of the generalized second law of thermodynamics (GSLT) for the following 
two cases: 



A. Universe filled with perfect fluid: 

In this case, the rate of change of the radius of the event horizon is given by [10] 

dRs 



dt 
So from the equation (21) 



= HRe - 1 



dt Te 

Thus combining equations (20) and (21a) we have 



^{p + p). (21a) 



':(5. + 5/ '^"^ 



dt'^ " Te 



( HRe 1 \ / \ HRe 



1 (p + p) H -^{pst+Pst) 



\ I y- - / 



Hence the validity of GSLT i.e. -h(SE + Sj) > we have the foUowing possibihties: 



I. p + p> 0, Re > /Rh, psT +PST > i.e. 

p + p>0'dnd^ <H < ■^[(/,2(87rG + /") + f4>] = H^ (say) 

II. p + p> 0, Re < fRn, Pst + Pst > and 



i.e. p + p > 0, H < min[^^ , i?^] and inequahty (23). 
III. p + p> 0, Re > /Rh, Pst + Pst < and 



i.e. p + p > 0, H > max[j^ , iJ^] and inequahty (24). 

IV. p + p <0, Re < .fRn and psT + Pst > 

i.e. p + p < 0, H < min[^^ , i?^] and inequahty (23). 

V. p + p < 0, Re > .fRn , Pst + Pst > and inequahty (23) 
i.e. p + p <0, -i- < H < H(j, and inequahty (23). 

VI. p + p <0, Re < JRh , Pst + Pst < and inequahty (24) 
i.e. p + p < 0, H^ < H < -^ and inequahty (24). 



B. Universe filled with holographic dark energy: 



(22) 



|PST+PST|^/^_^ (23) 

^ p + p ^ Re 



fST+PST [Ri^ (24) 

' p + P ^ Re ^ ' 



Recent observational evidences demand that our universe is experiencing an accelerated expansion driven by 
a missing energy density with negative pressure (known as dark energy) . An approach to the problem of dark 
energy is holographic model[16-28]. The holographic principle states that the no. of degrees of freedom for a 



system within a finite region should be finite and is bounded roughly by the area of its boundary. Using the 
effective quantum field theory the energy density for holographic dark energy can be written as [29] 

where L is an IR cut-ofF in units Mp = 1 and c is any free dimensionless parameter whose value is determined 
by observational data[23, 30-34]. Li [16] has shown that L — Re gives the correct equation of state and also the 
desired acceleration. Thus we choose 



PD 



3c2 
R\ 



(25) 



Then from the definition of the cosmological event horizon 



Re = a 



da 



a Ha^ {V^)H 



(26) 



where flo = -^^2 is the density parameter corresponding to dark energy. 



Now using equation (25) and the energy conservation equation (11), the time variation of Re has the expres- 
sion 



dRE == -REH{l+LOD)dt 



(27) 



where po ~ ^dPd is the equation of state of the DE and uje is not necessarily a constant. Using equation 
(27) in (21) we get 



— {Si + Se) = — {pD +pz))(3a;_D + l) 

dt lE 



Thus 



(28) 



d 2nRE^H 

Jt(Sl + SE) = ^^—- 



2 2 

Pd(wz) + 1)(- + 3ujD + 1) + jipsT +Pst) 



Then for validity of GSLT any one of the following possibilities must be satisfied. 

2 
f 



I. -I + SiJD + 1>0, ljd + ^ > and psr + Pst > i.e. 



(29) 



and 



— < f <l if UJD <Q or f <— if UJD <0 



H <Hs 



II. J + 'iiJD + 1<0, cj£) + l<0 and psr + Pst > i.e. 

2('l — f] 
UJD < -1 , f>l and H <H^ 

III. I + 3cj£, + 1>0, lje) + 1 > and psr + Pst < and 



I PST + PST I ^ ^ /(3a;_D + l) 
PD +PD 2 



(30) 



I.e. 



-— < / < 1 if u!D < or f < —— if CUD > , H > H,/, and the inequality (30) 

IV. J + 3uj]j + 1 < , oj]j + 1 < and psr + Pst < and inequality (30) i.e. 

2(1 — /) 

ojd < TT^ 1 , / > 1 O'nd H > H(f, and inequality (30) 

o 



V. I + iujD + 1>0, cj_D + l<0 and psr + Pst > 



and 



PD+PD 2 ' ^ ^ 



1.6. 
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— (1 — /) — !< ujo < ^1, ./ > 1, H < H^ and inequality (31). 

IV. 4 + 'iuoD + 1 < , ud + 1 > and psr + Pst > and inequality (31) i.e. 

3(1 — f) 
— 1 < lod < r-^ 1 , / < 1 and H < H^j, and inequality (31) 



V. CONCLUSIONS: 

From the study of the validity of GSLT in Scalar- Tensor gravity theory in the previous sections we have 
seen that as in other gravity theory the results do not depend on the specific choice of entropy function at the 
horizon- the only thing that we need is the validity of the first law of thermodynamics at the event horizon. 
For both the fluids, the geometric and physical quantities are restricted one by the other for the validity of the 
GSLT. For example, in case of perfect fluid the Hubble parameter is restricted by geometry in one hand and 
by the scalar field on the other. For dark energy model, both the equation of state parameter and the Hubble 
parameter are restricted by the scalar field for the validity of GSLT. At phantom divide line we have p H- p = 
(or po + pd = in the case of DE) and GSLT will be valid if psT + Pst > for both the matter. Finally, it is 
interesting to note that if / ^ 1 and </) ^- then the conditions for the validity of GSLT at the event horizon 
becomes identical as in Einstein gravity [10,11]. For future work , it will be nice to infer about the entropy 
function at the event horizon assuming the validity of GSLT there. 
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